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COMPARISONS BETWEEN ANNIHILATORS OF TOR AND EXT
SOUVIK DEY AND RYO TAKAHASHI
Abstract. In this paper, we compare annihilators of Tor and Ext modules of finitely generated modules
over a commutative noetherian ring. One of our results refines a theorem of Dao and Takahashi.
1. Introduction
Let R be a d-dimensional Cohen–Macaulay local ring with a canonical module. Let 0 ≤ c ≤ d be an
integer. In this paper, we are mainly interested in the two ideals
t
c(R) =
⋂
annR Tor
R
i (M,N), e
c(R) =
⋂
annR Ext
i
R(M,N)
of R, where the intersections are taken over the positive integers i, and the maximal Cohen–Macaulay
modules M,N that are locally free in codimension less than c. Our first main result is the theorem below,
which is included in Theorem 4.6 and Corollaries 3.6, 4.4.
Theorem 1.1. The following assertions hold true.
(1) If R is either artinian or Gorenstein, then tc(R) = ec(R).
(2) If R is locally Gorenstein in codimension less than c, then
√
tc(R) =
√
ec(R).
Denote by modR the category of finitely generated R-modules, and by CMc(R) the full subcategory
of modR consisting of maximal Cohen–Macaulay modules that are locally free in codimension less than
c. As an application of Theorem 1.1 we obtain the following result, which is the same as Corollary 4.10.
Theorem 1.2. Consider the following conditions.
(i) CMc(R) has finite dimension. (ii) ht ec(R) ≥ c. (iii) ht tc(R) ≥ c.
(iv) R is locally regular in codimension less than c.
(1) The implications (i)⇒ (ii)⇔ (iii)⇒ (iv) hold.
(2) The implications (i)⇔ (ii)⇔ (iii)⇒ (iv) hold when c = d.
(3) The implications (i)⇔ (ii)⇔ (iii)⇔ (iv) hold when R is excellent and equicharacteristic.
The main result of [6] (i.e. [6, Theorem 1.1]) asserts Theorem 1.2(2) minus the implication (iii)⇒ (ii),
and Theorem 1.2(3) for c = d under the assumption that R is complete and has perfect coefficient field.
Thus, Theorem 1.2 highly refines1 the main result of [6].
The organization of this paper is as follows. In Section 2, we state definitions and properties of
fundamental notions used in this paper. In Section 3, we explore annihilators of Tor and Ext modules
over a general commutative noetherian ring. In Section 4, we focus on annihilators of Tor and Ext
modules over a Cohen–Macaulay local ring.
2. Preliminaries
What we state in this section is used in the next sections. We begin with our convention.
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1Strictly speaking, Theorem 1.2 does not completely include [6, Theorem 1.1]; the implication (ii) ⇒ (i) holds for c = d
without the assumption that R has a canonical module.
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Convention 2.1. Throughout the present paper, let R be a commutative noetherian ring. We assume
that all modules are finitely generated and all subcategories are strictly full. Denote by modR the category
of (finitely generated)R-modules, and by CM(R) the subcategory of modR consisting of maximal Cohen–
Macaulay modules (recall that an R-module M is called maximal Cohen–Macaulay if depthRp Mp =
dimRp for all p ∈ SuppR M). We confuse an R-module M with the subcategory of modR consisting of
M . We denote by (−)∗ the algebraic dual HomR(−, R). Whenever R is a local ring, (−)
∨ stands for the
Matlis dual. Whenever R is a Cohen–Macaulay ring2 with a canonical module ω, we denote by (−)† the
canonical dual HomR(−, ω).
From now on, we state the definitions of notions used in the next sections together with a couple of
their basic properties.
Definition 2.2. Let X be a subcategory of modR.
(1) We denote by addX the subcategory of modR consisting of direct summands of finite direct sums
of modules in X . Note that addR equals the subcategory of modR consisting of projective modules.
(2) We denote by X the subcategory of modR consisting of modulesM such that there is an isomorphism
M ⊕P ∼= X⊕Q with P,Q ∈ addR and X ∈ X . We say that X is stable if X = X . Note that X = X ,
so that X is stable. Also, addR and modR are stable.
(3) Suppose that R is a Cohen–Macaulay ring with a canonical module ω and that X is contained in
CM(R). We denote by X the subcategory of CM(R) consisting of maximal Cohen–Macaulay modules
M such that there is an isomorphism M ⊕ I ∼= X ⊕ J with I, J ∈ addω and X ∈ X . We say that X
is costable if X = X . Note that addω and CM(R) are costable.
Definition 2.3. For an R-module M , we denote by ΩM the (first) syzygy of M , that is, the kernel of an
epimorphism from a projective R-module to M . For n ≥ 1 we inductively define the nth syzygy of M by
ΩnM = Ω(Ωn−1M), and set Ω0M = M . The nth syzygy of M is uniquely determined up to projective
summands. For a subcategory X of modR and an integer n ≥ 0, we set ΩnX = {ΩnX | X ∈ X}. We
say that a subcategory X of modR is closed under syzygies if ΩX ⊆ X . Note that ΩX = ΩX = ΩX .
Definition 2.4. For an R-moduleM we denote by TrM the (Auslander) transpose ofM . This is defined
as follows. Take a projective presentation P1
f
−→ P0 → M → 0. Dualizing this by R, we get an exact
sequence 0→M∗ → P ∗0
f∗
−→ P1 → TrM → 0, that is, TrM is the cokernel of the map f
∗. The transpose
of M is uniquely determined up to projective summands; see [1] for basic properties. For a subcategory
X of modR, we set TrX = {TrX | X ∈ X}. We say that X is closed under transposes if TrX ⊆ X . Note
that there are equalities TrX = TrX = TrX .
Definition 2.5. Let Φ be a subset of SpecR. We define the (Krull) dimension of Φ by dimΦ =
sup{dimR/p | p ∈ Φ}.
Definition 2.6. For an R-module M we denote by NF(M) the nonfree locus of M , that is, the set
of prime ideals p of R such that the Rp-module Mp is nonfree. It is well-known and easy to see that
NF(M) is a closed subset of SpecR in the Zariski topology. We set Spec0(R) = SpecR \MaxR and
call it the punctured spectrum of R. Note that an R-module M is locally free on Spec0(R) if and only if
dimNF(M) ≤ 0. For each n ≥ 0, we denote by modn(R) the subcategory of modR consisting of modules
M such that dimNF(M) ≤ n. It is easy to see that modn(R) is stable and closed under syzygies and
transposes. For an integer n ≥ 0 we set CMn(R) = CM(R)∩modn(R). Note that CMn(R) is stable and
closed under syzygies if R is Cohen–Macaulay.
Definition 2.7. An R-module M is said to be totally reflexive if ExtiR(M,R) = Ext
i
R(TrM,R) = 0 for
all i > 0. This is equivalent to saying that the canonical map M → M∗∗ is an isomorphism (i.e., M
is reflexive) and ExtiR(M,R) = Ext
i
R(M
∗, R) = 0 for all i > 0. Every totally reflexive module is the
syzygy of some totally reflexive module. If R is Cohen–Macaulay, then every totally reflexive R-module
is maximal Cohen–Macaulay. Also, R is Gorenstein if and only if every maximal Cohen–Macaulay R-
module is totally reflexive. For more details of totally reflexive modules, we refer the reader to [1, 3]. We
denote by G(R) the subcategory of modR consisting of totally reflexive modules. Note that G(R) is stable
2Note that in the case where R is not local, a canonical module is in general not unique up to isomorphism (see [2,
Remark 3.3.17]). We thus fix one of the canonical modules in the non-local case.
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and closed under syzygies and transposes. For an integer n ≥ 0 we set Gn(R) = G(R) ∩modn(R), which
is stable and closed under syzygies and tranposes as well. If R is Gorenstein, then Gn(R) = CMn(R).
Definition 2.8. Let R be a Cohen–Macaulay ring with a canonical module ω.
(1) For a maximal Cohen–Macaulay R-module M , we denote by ✵M the (first) cosyzygy of M , that is,
the maximal Cohen–Macaulay cokernel of a monomorphism to a module in addω. Cosyzygies always
exist: taking an exact sequence 0 → Ω(M †) → P → M † → 0 with P projective and dualizing it
by ω, one obtains an exact sequence 0 → M → P † → (Ω(M †))† → 0 of maximal Cohen–Macaulay
modules, and then (Ω(M †))† is the cosyzygy of M . For n ≥ 1 we inductively define the nth cosyzygy
of M by ✵nM = ✵(✵n−1M), and set ✵0M = M . Note that the nth cosyzygy of M is uniquely
determined up to direct summands that belong to addω. For a subcategory X of CM(R) and an
integer n ≥ 0, we set ✵nX = {✵nX | X ∈ X}. We say that X is closed under cosyzygies if ✵X ⊆ X .
(2) For a subcategory X of CM(R) we set X † = {X† | X ∈ X}. Then
X † ⊆ X ⇐⇒ X ⊆ X † ⇐⇒ X = X †.
We say that X is closed under canonical duals if one of these equivalent conditions holds.
Remark 2.9. (1) Suppose that a subcategory X of modR is closed under syzygies. Then for an exact
sequence 0 → M → P → X → 0 of R-modules with X ∈ X and P ∈ addR, one has M ∈ X . The
converse holds if X is stable.
(2) Suppose that a subcategory X of modR is closed under transposes. Then for an exact sequence
P1
f
−→ P0 → X → 0 of R-modules with X ∈ X and P0, P1 ∈ addR, the cokernel of f
∗ belongs to X .
The converse holds if X is stable.
(3) Let R be a Cohen–Macaulay ring with a canonical module ω. Let X be a subcategory of CM(R).
Suppose that X is closed under cosyzygies. Then for an exact sequence 0 → X → I → M → 0 of
maximal Cohen–Macaulay R-modules with X ∈ X and I ∈ addω, one has M ∈ X . The converse
holds if X is costable.
3. Annihilators over a commutative noetherian ring
In this section we investigate annihilators of Tor and Ext over an arbitrary commutative noetherian
ring R. First of all, we give their definitions.
Definition 3.1. Let X ,Y be subcategories of modR, and let n ≥ 0 be an integer. We set
Tn(X ,Y) =
⊕
i>n
⊕
X∈X
⊕
Y ∈Y
TorRi (X,Y ), E
n(X ,Y) =
⊕
i>n
⊕
X∈X
⊕
Y ∈Y
ExtiR(X,Y ).
We define the ideals Tn(X ,Y) and E
n(X ,Y) of R by
Tn(X ,Y) = annRTn(X ,Y) =
⋂
i>n
⋂
X∈X
⋂
Y ∈Y
annR Tor
R
i (X,Y ),
En(X ,Y) = annRE
n(X ,Y) =
⋂
i>n
⋂
X∈X
⋂
Y ∈Y
annR Ext
i
R(X,Y ).
Note that if X is closed under syzygies, Tn(X ,Y) =
⋂
X∈X
⋂
Y ∈Y annR Tor
R
n+1(X,Y ) and E
n(X ,Y) =⋂
X∈X
⋂
Y ∈Y annR Ext
n+1
R (X,Y ). We put Tn(X ) = Tn(X ,X ) and E
n(X ) = En(X ,X ).
Remark 3.2. Let X ,Y be subcategories of modR and n ≥ 0 an integer. Then it is easy to observe that
SuppR(Tn(X ,Y)) ⊆ V(Tn(X ,Y)), SuppR(E
n(X ,Y)) ⊆ V(En(X ,Y)).
As we will see in Remark 4.11(3), these inclusions are not necessarily equalities. Thus, it is not sufficient
to investigate the supports of the modules Tn(X ,Y) and E
n(X ,Y) to get the structure of (the radicals
of) the ideals Tn(X ,Y) and E
n(X ,Y).
LetM,N be R-modules. We denote by HomR(M,N) the quotient of HomR(M,N) by homomorphisms
M → N factoring through projective R-modules. We set EndR(M) = HomR(M,M). The following
lemma yields an isomorphism between Tor and Ext modules.
Lemma 3.3. For R-modules M,N one has an isomorphism Ext1R(TrΩTrΩM,N)
∼= TorR1 (TrΩM,N).
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Proof. An exact sequence 0→ Ext1R(TrΩTrΩM,N)→ Tor
R
1 (TrΩM,N)→ HomR(Ext
1
R(TrΩM,R), N)
exists by [1, Theorem (2.8)]. As ΩM is 1-torsionfree ([1, Definition (2.15)]), we have Ext1R(TrΩM,R) = 0.
Thus the isomorphism in the lemma is obtained. 
Remark 3.4. Here is another proof of Lemma 3.3, which may be easier for the reader who is familiar
with Auslander’s approximation theory: There is an exact sequence 0 → ΩM
f
−→ P → TrΩTrΩM → 0
such that f is a left (addR)-approximation. An exact sequence HomR(P,N)
f ′
−→ HomR(ΩM,N) →
Ext1R(TrΩTrΩM,N) → 0 is induced. We can verify that the image of f
′ coincides with the set
of homomorphisms ΩM → N factoring through projective modules. We obtain an isomorphism
Ext1R(TrΩTrΩM,N)
∼= HomR(ΩM,N). Combining this with [10, Lemma (3.9)] deduces the lemma.
Using the above lemma, we obtain the following proposition on annihilators.
Proposition 3.5. Let X be a subcategory of modR. Suppose that X is contained in Ω(modR), and
closed under syzygies and transposes. Then for all integers n ≥ 0 and subcategories Y of modR one has
Tn(X ,Y) = E
n(X ,Y).
Proof. Note that En(X ,Y) = En(X ,Y) and Tn(X ,Y) = Tn(X ,Y). Replacing X by X , we may assume
X is stable. Any R-module M satisfies TrTrM ∼= M up to projective summands by [1, Proposition
(2.6)], which implies X = TrX . Let X ∈ X . Then X is a syzygy, and hence it is 1-torsionfree by [1,
Theorem (2.17)]. Therefore X ∼= ΩTrΩTrX up to projective summands by [1, Theorem (2.17)] again.
As X is closed under syzygies and transposes, we get TrΩTrX ∈ X , and X ∈ ΩX . Thus X = ΩX , and
X = TrX = TrΩX . There are equalities
Tn(X ,Y) = T0(Ω
nX ,Y) = T0(X ,Y) =
⋂
X∈X ,Y∈Y annR Tor
R
1 (X,Y ),(3.5.1)
En(X ,Y) = E0(ΩnX ,Y) = E0(X ,Y) =
⋂
X∈X ,Y∈Y annR Ext
1
R(X,Y ).(3.5.2)
Using the equalities X = TrΩX = TrΩTrΩX and Lemma 3.3, we observe that the last terms in (3.5.1)
and (3.5.2) coincide. 
The following corollary is a direct consequence of Proposition 3.5, which gives part of Theorem 1.1(1).
Corollary 3.6. Let n, t ≥ 0 be any integers and let C be any subcategory of modR. Then the equality
Tn(Gt(R), C) = E
n(Gt(R), C) holds. In particular, Tn(CMt(R)) = E
n(CMt(R)) if R is Gorenstein.
To prove our next proposition, we establish a lemma.
Lemma 3.7. Let M be an R-module. Then
T0(M,modR) ⊇ annR EndR(M) = annR Ext
1
R(M,ΩM) = E
0(M,modR).
Proof. We call the four ideals (1), (2), (3) and (4) in order. Clearly, (3) contains (4). Let a be an element
of (3). Then the multiplication map M
a
−→ M factors through a projective module by the proof of [8,
Lemma 2.14]. Hence M
a
−→ M is zero in EndR(M), and so is the composition of any endomorphism of
M with M
a
−→ M . Thus (2) contains (3). Let b be an element of (2). Then b · idM is zero in EndR(M),
which means that the multiplication map M
b
−→ M factors through a projective module. There is a
diagram M
f
−→ P
g
−→ M of homomorphisms of R-modules with P projective such that gf = (M
b
−→ M).
Applying TorRi (−, N) and Ext
i
R(−, N) with i > 0 and N ∈ modR, we see that the multiplication maps
TorRi (M,N)
b
−→ TorRi (M,N) and Ext
i
R(M,N)
b
−→ ExtiR(M,N) are zero as Tor
R
i (P,N) = Ext
i
R(P,N) = 0.
Thus (1) and (4) contain (2). 
Now we obtain inclusions among annhilators of Tor and Ext.
Proposition 3.8. Let X ,Y be subcategories of modR. Assume that X is closed under syzygies and that
Y contains X . Then for any integer n ≥ 0 one has
En(X ) =
⋂
X∈X annR Ext
n+1
R (X,Ω
n+1X)
=
⋂
X∈X annR EndR(Ω
nX) = En(X ,Y) ⊆ Tn(X ,Y) ⊆ Tn(X ).
If moreover Y contains TrX , then one has the equality Tn(X ,Y) = E
n(X ,Y).
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Proof. As Y contains X , the ideals En(X ) and Tn(X ) contain E
n(X ,Y) and Tn(X ,Y), respectively. Since
X is closed under syzygies, we have an equality En(X ) =
⋂
X,X′∈X annR Ext
n+1
R (X,X
′), the right-hand
side of which is contained in I :=
⋂
X∈X annR Ext
n+1
R (X,Ω
n+1X) as Ωn+1X ∈ X . Lemma 3.7 implies
I =
⋂
X∈X annR EndR(Ω
nX) =
⋂
X∈X E
0(ΩnX,modR) = En(X ,modR) ⊆ En(X ,Y),
I =
⋂
X∈X annR EndR(Ω
nX) ⊆
⋂
X∈X T0(Ω
nX,modR) = Tn(X ,modR) ⊆ Tn(X ,Y).
Now the proof of the first assertion of the proposition is completed.
Next we show the last assertion of the proposition. We already know that Tn(X ,Y) contains E
n(X ,Y).
Let a ∈ Tn(X ,Y) and X ∈ X . The assumption implies ΩnX ∈ X and TrΩnX ∈ Y. The isomorphisms
EndR(Ω
nX) ∼= TorR1 (TrΩ
nX,ΩnX) ∼= TorR1 (Ω
nX,TrΩnX) ∼= TorRn+1(X,TrΩ
nX)
hold, where the first isomorphism follows from [10, Lemma (3.9)]. The last term TorRn+1(X,TrΩ
nX) is
annihilated by the element a, and so is the first term EndR(Ω
nX). It follows that Tn(X ,Y) is contained
in
⋂
X∈X annR EndR(Ω
nX) = En(X ,Y). 
Remark 3.9. Proposition 3.8 also deduces Corollary 3.6 for those C which contain Gt(R).
4. Annihilators over a Cohen–Macaulay local ring
In this section, we consider annihilators of Tor and Ext modules over a Cohen–Macaulay local ring.
Let M be an R-module. The trace ideal of M , denoted trM , is defined by the image of the canonical
map HomR(M,R) ⊗R M → R given by f ⊗ x 7→ f(x). To prove the proposition below, we establish a
lemma.
Lemma 4.1. Let R be a d-dimensional Cohen–Macaulay local ring with a canonical module ω. Let M,N
be R-modules. Let i ≥ 1 be an integer. Suppose that N is maximal Cohen–Macaulay.
(1) Let t be an integer with dimNF(M) ≤ t ≤ d. Then one has∏t
j=0 annR Ext
d−j
R (Tor
R
i+j(M,N), ω) ⊆ annR Ext
d+i
R (M,N
†),∏t
j=0 annR Ext
d−j
R (Ext
d+i−j
R (M,N), ω) ⊆ annR Tor
R
i (M,N
†).
If t = 0, then annR Tor
R
i (M,N) = annR Ext
d+i
R (M,N
†).
(2) For any integer r ≥ 0, one has
(trω)r · annR Ext
r+i
R (N,Ω
rM) ⊆ annR Ext
i
R(N,M) ⊇ (trω)
r · annR Ext
r+i
R (✵
rN,M).
Proof. (1) There is a spectral sequence
Epq2 = Ext
p
R(Tor
R
q (M,N), ω) =⇒ H
p+q = Extp+qR (M,N
†).
Clearly, Epq2 = 0 if p < 0 or q < 0. As ω has injective dimension d, we have that E
pq
2 = 0 if p > d. The
support of TorRq (M,N) is contained in NF(M) if q > 0. Local duality ([2, Corollary 3.5.11(a)]) shows
that Epq2 = 0 if q > 0 and p < d− t. The filtration induced from the spectral sequence is
Hd+i = · · · = Hd+id−t ⊇ H
d+i
d−t+1 ⊇ · · · ⊇ H
d+i
d ⊇ H
d+i
d+1 = · · · = 0
with Hd+id−j/H
d+i
d−j+1 = E
d−j,i+j
∞ for each 0 ≤ j ≤ t. In general, E
pq
r is a subquotient of E
pq
r−1 for all
p, q, r, and hence annR E
pq
∞ contains annR E
pq
2 for all p, q. The filtration shows that
∏t
j=0 annR E
d−j,i+j
2 ⊆∏t
j=0 annR E
d−j,i+j
∞ ⊆ annRH
d+i. The first inclusion in the assertion follows from this. The second
inclusion is deduced by a dual argument. Namely, there is a spectral sequence
Epq2 = Ext
p
R(Ext
−q
R (M,N), ω) =⇒ H
p+q = TorR−p−q(M,N
†),
and Epq2 = 0 if (i) p < 0, or (ii) q > 0, or (iii) p > d, or (iv) q < 0 and p < d− t. A filtration H
−i = · · · =
H−id−t ⊇ H
−i
d−t+1 ⊇ · · · ⊇ H
−i
d ⊇ H
−i
d+1 = · · · = 0 is induced, where H
−i
d−j/H
−i
d−j+1 = E
d−j,−d−i+j
∞ for each
0 ≤ j ≤ t. This shows
∏t
j=0 annR E
d−j,−d−i+j
2 ⊆
∏t
j=0 annR E
d−j,−d−i+j
∞ ⊆ annRH
−i.
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Now let t = 0. The first spectral sequence yields ExtdR(Tor
R
i (M,N), ω)
∼= Extd+iR (M,N
†). As M is
locally free on Spec0(R), the R-modules Tor
R
i (M,N), Ext
d+i
R (M,N
†) have finite length. By [2, Corollary
3.5.9], we get
Extd+iR (M,N
†)∨ ∼= ExtdR(Tor
R
i (M,N), ω)
∨ ∼= H0m(Tor
R
i (M,N)) = Tor
R
i (M,N).
Hence annR Tor
R
i (M,N) is equal to annR Ext
d+i
R (M,N
†)∨, which coincides with annR Ext
d+i
R (M,N
†) by
[2, Proposition 3.2.12(c)].
(2) For each j ≥ 0 there is an exact sequence 0 → Ωj+1M → R⊕mj → ΩjM → 0, which in-
duces an exact sequence Exti+jR (N,R)
⊕mj → Exti+jR (N,Ω
jM) → Exti+j+1R (N,Ω
j+1M). By [4, The-
orem 2.3], the ideal trω annihilates ExtlR(X,R) for all l > 0 and X ∈ CM(R). It is observed that
(trω) · annR Ext
i+j+1
R (N,Ω
j+1M) ⊆ annR Ext
i+j
R (N,Ω
jM), and hence
(trω)r · annR Ext
r+i
R (N,Ω
rM) ⊆ (trω)r−1 · annR Ext
r+i−1
R (N,Ω
r−1M)
⊆ · · · ⊆ (trω) · annR Ext
i+1
R (N,ΩM) ⊆ annR Ext
i
R(N,M).
It is also seen from [4, Theorem 2.3] that trω annihilates ExtlR(ω,X) for all l > 0 and X ∈ modR. A
dual argument using this and exact sequences 0 → ✵jN → ω⊕nj → ✵j+1N → 0 shows the inclusion
(trω)r · annR Ext
r+i
R (✵
rN,M) ⊆ annR Ext
i
R(N,M). 
We can now prove the following proposition, which is an essential part of the theorem stated below.
Proposition 4.2. Let R be a d-dimensional Cohen–Macaulay local ring with a canonical module ω. Let
X ,Y be subcategories of modR with Y ⊆ CM(R). Let n ≥ 0 be an integer.
(1) Let 0 ≤ t ≤ d be an integer. If X is contained in modt(R), then
(Tn(X ,Y))
t+1 ⊆ Ed+n(X ,Y†), (Ed+n−t(X ,Y))t+1 ⊆ Tn(X ,Y
†),
and the equalities hold when t = 0.
(2) For each integer r ≥ 0 one has an inclusion
(trω)r · Er+n(Y,ΩrX ) ⊆ En(Y,X ) ⊇ (trω)r · Er+n(✵rY,X ).
Proof. (1) Fix i > n, 0 ≤ j ≤ t, M ∈ X and N ∈ Y. Note then that dimNF(M) ≤ t.
Take any element aj ∈ Tn(X ,Y). Since i+ j ≥ i > n, the element aj belongs to annR Tor
R
i+j(M,N),
which is contained in annR Ext
d−j
R (Tor
R
i+j(M,N), ω). The first inclusion in Lemma 4.1(1) yields
a0 · · · at ∈
∏t
j=0 annR Ext
d−j
R (Tor
R
i+j(M,N), ω) ⊆ annR Ext
d+i
R (M,N
†).
As we fix i > n, M ∈ X and N ∈ Y, we get a0 · · ·at ∈ E
d+n(X ,Y†). Thus (Tn(X ,Y))t+1 ⊆ E
d+n(X ,Y†).
The other inclusion is similarly deduced. Pick aj ∈ E
d+n−t(X ,Y). As d+ i− j ≥ d+ i− t > d+n− t,
we have aj ∈ annR Ext
d+i−j
R (M,N) ⊆ annR Ext
d−j
R (Ext
d+i−j
R (M,N), ω). The second inclusion in Lemma
4.1(1) implies
a0 · · · at ∈
∏t
j=0 annR Ext
d−j
R (Ext
d+i−j
R (M,N), ω) ⊆ annR Tor
R
i (M,N
†),
and hence a0 · · · at ∈ Tn(X ,Y†). Therefore, the inclusion (E
d+n−t(X ,Y))t+1 ⊆ Tn(X ,Y†) follows.
When t = 0, the equality Tn(X ,Y) = E
d+n(X ,Y†) follows from the last assertion of Lemma 4.1(1).
Replacing Y with Y†, we see that the equality Tn(X ,Y†) = E
d+n(X ,Y) also holds3.
(2) The assertion immediately follows from Lemma 4.1(2). 
Here are two immediate consequences of the above proposition.
Corollary 4.3. Let R be a d-dimensional Cohen–Macaulay local ring with a canonical module. Let n ≥ 0
be an integer. Then Tn(CM0(R)) = E
d+n(CM0(R)) if R is locally Gorenstein on Spec0(R).
Proof. Since R is locally Gorenstein on the punctured spectrum, CM0(R) is closed under canonical duals,
that is to say, (CM0(R))
† = CM0(R). Let t = 0 and X = Y = CM0(R) in Proposition 4.2(1). 
Corollary 4.4. Let R be an artinian local ring. Let n ≥ 0 be an integer.
3These two equalities can also be deduced from the inclusions given in the first part of Proposition 4.2(1). In fact, letting
t = 0 yields Tn(X ,Y) ⊆ Ed+n(X ,Y†) and Ed+n(X ,Y) ⊆ Tn(X ,Y†). Then replace Y with Y†.
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(1) Let X ,Y be subcategories of modR. If Y is closed under Matlis duals, then Tn(X ,Y) = E
n(X ,Y).
(2) There is an equality Tn(modR) = E
n(modR).
Proof. Letting d = t = 0 in Proposition 4.2(1) yields the assertion. 
To state our theorem below, we recall the definition of the non-Gorenstein locus of R.
Definition 4.5. We denote by NonGor(R) the non-Gorenstein locus of R, that is, the set of prime ideals
p of R such that the local ring Rp is non-Gorenstein. If R is a Cohen–Macaulay ring with a canonical
module ω, it holds that NonGor(R) = NF(ω) = V(trω) (see [7, Lemma 2.1]).
Now we can state and prove the theorem below. The second assertion is nothing but Theorem 1.1(2).
Theorem 4.6. Let R be a d-dimensional Cohen–Macaulay local ring with a canonical module ω. Let
n ≥ 0 and 0 ≤ t ≤ d be integers.
(1) Let X be a subcategory of CMt(R). Let Y be a subcategory of CM(R) closed under canonical duals.
Assume either that Y is closed under syzygies or that X is closed under cosyzygies. Then
(trω)d · (Tn(X ,Y))
t+1 ⊆ En(X ,Y), (En(X ,Y))t+1 ⊆ Tn(X ,Y).
(2) If dimNonGor(R) ≤ t, then it holds that
√
Tn(CMt(R)) =
√
En(CMt(R)).
Proof. (1) First of all, since Y is closed under canonical duals, we have Y = Y†.
The following argument deduces the first inclusion in the assertion.
(trω)d · (Tn(X ,Y))
t+1
(a)
⊆ (trω)d · Ed+n(X ,Y)
(b)
⊆
{
(trω)d · Ed+n(X ,ΩdY) if Y is closed under syzygies,
(trω)d · Ed+n(✵dX ,Y) if X is closed under cosyzygies
(c)
⊆ En(X ,Y).
Here are the reasons why (a)–(c) hold. (a): Applying Proposition 4.2(1), we have an inclusion
(Tn(X ,Y))t+1 ⊆ E
d+n(X ,Y). (b): If Y (resp. X ) is closed under syzygies (resp. cosyzygies), then
ΩdY (resp. ✵dX ) is contained in Y (resp. X ), and hence Ed+n(X ,Y) is contained in Ed+n(X ,ΩdY)
(resp. Ed+n(✵dX ,Y)). (c): Use Proposition 4.2(2).
Next we show the second inclusion in the assertion. Since d − t ≥ 0, the ideal En(X ,Y) is contained
in the ideal Ed+n−t(X ,Y), whose (t+ 1)st power is contained in Tn(X ,Y) by Proposition 4.2(1).
(2) When d = 0, we have t = 0 and CMt(R) = CM(R) = modR. By Corollary 4.4(2) the assertion
holds. So we assume d > 0, so that V((tr ω)d) = V(trω) = NonGor(R).
We claim that for each maximal Cohen–Macaulay R-module M there is an inclusion
NF(M †) ⊆ NF(M) ∪ NonGor(R).
Indeed, if p is a prime ideal of R which does not belong to NF(M) ∪ NonGor(R), then both Mp and ωp
are Rp-free, and so is (M
†)p.
Combining this claim with the assumption dimNonGor(R) ≤ t, we observe that CMt(R) is closed
under canonical duals. The subcategory CMt(R) is closed under syzygies. (We see that CMt(R) is also
closed under cosyzygies.) Then X = Y = CMt(R) satisfy the assumptions of (1), and we get (4.6.1),
which implies (4.6.2) below.
(trω)d · (Tn(CMt(R)))
t+1 ⊆ En(CMt(R)), (E
n(CMt(R)))
t+1 ⊆ Tn(CMt(R)).(4.6.1)
V(En(CMt(R))) ⊆ NonGor(R) ∪ V(Tn(CMt(R))), V(Tn(CMt(R))) ⊆ V(E
n(CMt(R))).(4.6.2)
The proof will be completed once we show that NonGor(R) is contained in V(Tn(CMt(R))). Pick any
prime ideal p ∈ NonGor(R). Then dimR/p ≤ t by definition. Put C = ΩdR(R/p). This is a maximal
Cohen–Macaulay R-module. Let q ∈ NF(C). The Rq-module Cq is isomorphic to Ω
d
Rq
(Rq/pRq) up
to free summands. As Cq is not Rq-free, p must be contained in q. (Otherwise pRq = Rq, and this
would imply that ΩdRq(Rq/pRq) is Rq-free, and so is Cq.) Hence dimR/q ≤ dimR/p ≤ t. This shows
dimNF(C) ≤ t, and C belongs to CMt(R).
Now, assume that p does not belong to V(Tn(CMt(R))), i.e., Tn(CMt(R)) * p. Then there exists an
element s ∈ R\p which annihilates TorRi (X,Y ) for all i > n andX,Y ∈ CMt(R). Hence sTor
R
i (C,C) = 0.
Localization at p yields Tor
Rp
i (Cp, Cp) = 0 since s is a unit in Rp. As Cp is isomorphic to Ω
d
Rp
(κ(p)) up
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to free summands, we obtain Tor
Rp
i+2d(κ(p), κ(p)) = 0 for all i > n. This implies that Rp is regular, which
contradicts the fact that Rp is not even Gorenstein. Therefore, p belongs to V(Tn(CMt(R))), and the
proof is completed. 
A natural question arises.
Question 4.7. Let R be a Cohen–Macaulay local ring. Does the following equality always hold?
(4.7.1) T0(CM0(R)) = E
0(CM0(R)).
Theorem 4.6(2) and Corollaries 3.6, 4.4 guarantee that (4.7.1) holds if R is either Gorenstein or
artinian, and holds up to radicals when R is locally Gorenstein on the punctured spectrum. Corollary 4.3
says that, when R is locally Gorenstein on the punctured spectrum, (4.7.1) is equivalent to the equality
E0(CM0(R)) = E
d(CM0(R)), where d = dimR.
We denote by SingR the singular locus of R, that is, the set of prime ideals p of R such that Rp is
singular. Note that R has an isolated singularity if and only if dimSingR ≤ 0.
To give our final result in this paper, we need to verify that [5, Theorem 5.11(1)] remains valid for an
arbitrary excellent Cohen–Macaulay local ring containing a field and admitting a canonical module. For
the undefined terminology in the following proposition, we refer the reader to [5].
Proposition 4.8. Let R be a d-dimensional excellent equicharacteristic local ring.
(1) The subcategory Ω2d(modR) of modR has finite size and radius.
(2) Suppose that R is Cohen–Macaulay and admits a canonical module. Then the subcategory CM(R) of
modR has finite rank, size, dimension and radius.
Proof. (1) We modify the proof of [5, Theorem 5.7]. Replace “ d ”, “ d − 1 ” and “ΩRM ” with “ 2d ”,
“ 2(d−1) ” and “Ω2RM ” respectively. Then it proves the assertion. Indeed, the assumption of [5, Theorem
5.7] that R is complete and has perfect coefficient field is used only to apply [9, Corollary 5.15] to find
an ideal J of R which satisfies SingR = V(J) and annihilates Extd+1R (M,N) for all R-modules M,N (in
the case where R is a singular domain with d > 0). By virtue of [8, Theorem 5.3], there is an ideal J ′ of
R which satisfies SingR = V(J ′) and annhilates Ext2d+1R (M,N) for all R-modules M,N .
Here is the flow of the proof. We use induction on d, and the case d = 0 follows by the original argument.
Let d > 0. As in the original argument, we may assume that R is a singular domain. Take J ′ as above,
and find an element 0 6= x ∈ J ′. Put N = Ω2dR M . Then x is N -regular. As in the original argument, N
is a direct summand of ΩR(N/xN), and N/xN ∼= Ω
2(d−1)
R/xR (Ω
2
RM/xΩ
2
RM) ∈ Ω
2(d−1)
R/xR (modR/xR).
(2) We modify the proof of [5, Corollary 5.9]. Replace “ d ” with “ 2d ” in it, and apply (1) instead of [5,
Theorem 5.7]. Then we observe that [5, Corollary 5.9] remains valid for any excellent equicharacteristic
local ring. Combining this with [5, Proposition 5.10] deduces the assertion. 
Remark 4.9. Proposition 4.8(1) refines the latter statement of [8, Theorem 5.3], which asserts that the
subcategory Ω3d(modR) of modR has finite size.
As an application of Theorem 4.6, one can refine the main results of [6]. More precisely, it is asserted
in [6, Theorem 1.1 and Corollary 7.2] that among the four conditions (a)–(d) given in the corollary below,
(A) the implication (a)⇒ (d) holds,
(B) the implications (a)⇔ (b)⇒ (c)⇒ (d) hold for t = 0, and
(C) the equivalences (a)⇔ (b)⇔ (c)⇔ (d) hold for t = 0 provided that R is complete and has perfect
coefficient field.
When R admits a canonical module, by using Theorem 4.6(2) we can improve the above statements (A),
(B), (C) as follows.
Corollary 4.10. Let R be a d-dimensional Cohen–Macaulay local ring. Suppose that R admits a canon-
ical module. Let 0 ≤ t ≤ d be an integer. Consider the following conditions.
(a) dimCMt(R) <∞. (b) dimV(E
0(CMt(R))) ≤ t.
(c) dimV(T0(CMt(R))) ≤ t. (d) dimSingR ≤ t.
(1) The implications (a)⇒ (b)⇒ (d) and (a)⇒ (c)⇒ (d) hold.
(2) The equivalence (b)⇔ (c) holds.
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(3) The implications (a)⇔ (b)⇔ (c)⇒ (d) hold when t = 0.
(4) The equivalences (a)⇔ (b)⇔ (c)⇔ (d) hold when R is excellent and equicharacteristic.
Proof. (1) First, we show that (a) implies both (b) and (c). We make a similar argument as in the proof
of [6, Proposition 6.1(1a)]. Write CMt(R) = [G]r with G ∈ CMt(R) and r > 0. We have
V(T0(CMt(R))) = V(T0(G,CMt(R))) ⊆ V(T0(G,modR)) = NF(G),
V(E0(CMt(R))) = V(E
0(G,CMt(R))) ⊆ V(E
0(G,modR)) = NF(G)
by [6, Lemma 5.3(1) and Proposition 5.1(1)]. It follows that the dimensions of V(T0(CMt(R))) and
V(E0(CMt(R))) are at most the dimension of NF(G), which is at most t since G ∈ CMt(R).
Next, we show that each of (b) and (c) implies (d). It follows from [6, Proposition 4.6(1)] that SingR
is contained in both V(T0(CM0(R))) and V(E
0(CM0(R))). The inclusion CMt(R) ⊇ CM0(R) gives
the inclusions T0(CMt(R)) ⊆ T0(CM0(R)) and E
0(CMt(R)) ⊆ E
0(CM0(R)), which give the inclusions
V(T0(CMt(R))) ⊇ V(T0(CM0(R))) and V(E
0(CMt(R))) ⊇ V(E
0(CM0(R))). Hence V(T0(CMt(R))) and
V(E0(CMt(R))) contain SingR. It is now seen that (b) and (c) each imply (d).
(2) Suppose that (b) (resp. (c)) holds. Then it follows from (1) that (d) holds, i.e., dimSingR ≤ t.
Since NonGor(R) ⊆ SingR, we get dimNonGor(R) ≤ t. Hence (c) (resp. (b)) holds by Theorem 4.6(2).
(3) For t = 0, it is shown in [6, Theorem 1.1] that (a) and (b) are equivalent. The rest implications
follow from (1) and (2).
(4) Suppose that R is excellent and equicharacteristic. Then Proposition 4.8(2) shows dimCM(R) <
∞. If (d) holds, then CMt(R) = CM(R) and (a) follows. Combining this with (1) completes the proof. 
Remark 4.11. (1) In view of (3) of Corollary 4.10, it is natural to ask whether (b) implies (a) for t > 0.
It seems to be quite nontrivial even in the case t = d > 0. Indeed, in this case, (b) automatically
holds and CMt(R) = CM(R). We do not know in general whether CM(R) has finite dimension when
R is not equicharacteristic, even if we assume that R is complete and has an isolated singularity.
(2) Making an analogous argument as in its proof, one actually obtains a more general statement than
Corollary 4.10(1):
Let X ,Y be subcategories of modR. Suppose that X has finite dimension and is contained
in CMt(R). Then V(T0(X ,Y)) and V(E
0(X ,Y)) have dimension at most t.
This is a generalization of [6, Proposition 6.1(1a)]; letting t = 0 recovers it.
(3) Let (R,m) be a local ring not having an isolated singularity, and let n = 0 and X = Y = CM0(R).
Then no nonmaximal prime ideal ofR belongs to the supports of the modulesTn(X ,Y) andE
n(X ,Y),
while neither Tn(X ,Y) nor E
n(X ,Y) is m-primary by Corollary 4.10(1). Hence we get strict inclusions
SuppR(Tn(X ,Y)) ( V(Tn(X ,Y)), SuppR(E
n(X ,Y)) ( V(En(X ,Y)).
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